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Stability and Strength of Composite Skew
Plates Under Thermomechanical Loads

Maloy K. Singha,* L. S. Ramachandra,” and J. N. Bandyopadhyay*
Indian Institute of Technology, Kharagpur 721 302, India

The buckling and postbuckling analysis of shear deformable composite skew plates subjected to combined
uniaxial compression and uniform temperature rise has been carried out using the finite element method. The
governing nonlinear finite element equation is posed as a sequence of linear eigenvalue problems, and each one of
them is solved for different amplitudes of deflection to trace the thermal postbuckling path. A maximum strength
criterion is used to identify the laminates that have failed in strength, and appropriate modifications are made to
the stiffness matrix. The first-ply failure of laminates has also been predicted by Tsai-Hill and Tsai-Wau criteria.
Postbuckling paths are traced for different boundary conditions of the plate. Specific numerical studies have
been reported showing the effects of skew angle, initial uniaxial compression, and thickness-to-span ratio on the
thermal postbuckling behavior of the eight-layered [45/— 45/0/90 deg]; symmetric plate. The presence of secondary
instability has been identified while tracing the postbuckling path.

Nomenclature

a,b = dimensions of plate in x and y
directions

E;, Er = Young’s modulus in fiber and
transverse to fiber directions

{F} = load vector

Gir,Gr7Grg = shear modulus

(g1,82.83) = covariant base vectors

(g,%g. %) = contravariantbase vectors

h = thickness of plate

[Ks], [Kul, and [K,] linear, nonlinear, and geometric

stiffness matrix, respectively

[O:] = transformed reduced stiffness matrix

R,S, T = shear strengths of laminate

Ar,%r,3r) = contravariantcomponents of position
vector r

Te: = critical buckling temperature
of plate, °C

ul, ul, ul = midsurface displacement of the plate
in 'r, 2r, and 3r directions, respectively

U3, Uzo = slope of plate in g, and g, directions,

respectively

second derivatives of u; with
respectto 'r and %r

tensile and compressive strength
of laminate in fiber direction
tensile and compressive strength
of laminate in transverse to fiber
direction, respectively

thermal expansion coefficient
rotation due to shear in g, and g,
directions, respectively

global displacement vector
covariant components of strain
tensor &

strain and stress components in
rectangular Cartesian coordinates
contravariantcomponents of stress
tensor o

Uz 11, U312, U322
Xr, Xc

Yr, Ye

{o}
Vi, V2
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Introduction

HE developmentof high-strengthcomposite materials has rev-
olutionized the concept of structural design. Today, fiber-rein-
forced composites are being widely used in aerospace, defense, and
high-performanceapplicationareas based on their propertiessuch as
high strength, high stiffness-to-weightratio, and the ease with which
they can be tailored to any shape. At high temperatures, composite
plates are found to buckle without the application of mechanical
loads. Hence, the buckling and postbucklingstrengths of composite
plates have to be understood before they find extensive application.
Many researchers worked on the thermal buckling of rectangular
plates. In the early works, the Rayleigh-Ritz method was used to
obtain the critical temperature of plates.! ™ Whitney and Ashton’
studied the thermal buckling of composite plates using energy for-
mulation. Many others®~? obtained the buckling temperature within
the framework of finite element method. Huang and Tauchert'® em-
ployed the finite element method to investigate the large deflection
behaviors of flat, cylindrical, and doubly curved laminated panels.
Singhetal.!" studied the behaviorof rectangularlaminated compos-
ite plates underthermal loads. They used a ¢! continuousfour-noded
elementto trace the postbucklingpaths of the plate. Chen and Chen!?
obtained the thermal postbuckling paths for simply supported and
clamped composite plates assuming linear variation of mechanical
and thermal properties. Shen'* used a perturbationtechnique to de-
termine the buckling loads and postbuckling equilibrium paths of a
simply supported perfectand imperfectcomposite plate subjectedto
combined axial and thermal load. Different computational models
that are being used for the analysis of high-temperature multilay-
ered composite plates and shells are reviewed critically by Noor and
Burton' in a review paper.

However, the thermal buckling and postbucklinganalysis of com-
posite skew plates, which has applications in the construction of
modern swept-wing aircraft and missiles, have received less at-
tention from researchers. Prabhu and Durvasula' used Galerkin’s
method to study the thermal buckling behavior of an isotropic skew
plate. Subsequently, Prabhu and Durvasula'® studied the postbuck-
ling behavior of clamped isotropic skew plates. A perturbation
method was employed to obtain a set of linear partial differen-
tial equations, the solution of which was obtained using Galerkin’s
method. However, to the authors’ knowledge, no work has been re-
ported in the literature on the thermal buckling and postbuckling
analysis of composite skew plates. Moreover, earlier research was
confined to the buckling and postbucklingaspects only, without any
attention to strength criteria, which is essential from the practical
point of view.

In the present work, the postbuckling analysis of shear-
deformable composite skew plates with immovable longitudinal
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edges, subjected to combined uniaxial compression and uniform
temperature rise, is carried out using the finite element method.
A four-noded shear-deformable plate bending element is devel-
oped to discretize the plate. The nonlinear finite element equations
are solved as a series of linear eigenvalue problems. A maximum
strength criterion is used to identify the laminates that have failed
in strength, and appropriate modifications are made to the stiff-
ness matrix. For a particular case, the first-ply failure temperature
evaluated on the basis of a maximum strength criterion has been
compared with the failure temperature calculated using Tsai-Hill
and Tsai-Wu criteria. The effects of skew angle, initial uniaxial
compression, and thickness-to-span ratio on the critical buckling
temperature and postbuckling behavior are studied. Thermal post-
buckling paths are presented in the form of graphs for a specific
eight-layered [45/—45/0/90 deg]; composite plate. The material
properties are assumed to be independent of temperature.

Finite Element Formulation

Figure la shows the rectangular Cartesian coordinate system
along with the associated covariant base vectors (g1, g2, g3) and
contravariantbase vectors (g, 2g, 3g) for the skew plate. Figure 1b
represents the skew plate under initial uniaxial compressiveload P.
In Fig. 1a, ¢ is the skew angle and a and b are the length and width
of the plate; (g, g2, g3) and (g, ’g, ’g) are related to the rectangular
Cartesian unit base vectors (e, e,, e3) by

g1 =€y, g, = (siny)e, + (cosyr)e,, 83 = é€3
‘g=e —(tany)e,,  g=(secyle, g=e; (1)

2 _

g= & g2

A
a
' b
- g1 =€

1

3g=g3=e3 &

Fig. 1a Oblique coordinate system for skew plate.
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Fig.1b Skew plate under initial uniaxial compression.

The covariant components of the displacement vector u (u =
u'g+u,’g+us’g) of a shear deformable plate can be ex-
pressed'”!8 in terms of 'r, %, and *r as

uy(r, ) = 0 (r, %) + g (O, )
us('r, 2,y = ul(r ) + 2 (0, )

' (r,r) = {us, +n('r.n)}

u3(1r, 2r, 3r) = u3(1r, 2r),
20(r.7r) = {uso + na('r.’n)) )

where !¢ ('r, r) and 2¢ ('r, ?r) are the total rotations; y, ('r, r) and
v2(Ir, ’r) are the rotations due to shear deformation of the normal
to the plate middle surface around the ’g axis and 'g axis, respec-
tively, and (),; represents the partial differentiation of the variable
preceding it with respect to ‘7, the contravariantcomponents of the
position vectorr (r = 'rg, + 2rg, + 3rgs).

The displacement fields are assumed as

1 =aln'Cry,

ud = (' ery,

k=14

S
Il

i,j=0,1,
i,j=0,1, k=5,8

us = e ('r)' Cry! + o ('r)" Cr)" + e ('r)" Cr)"

i,j=0,1,2,3, m=0,1, n=4,5 k=932
n=c(riér), i,j=0,1, k=233,36
va = ('r) Cr), i,j=0,1, k=37,40 3)

to match with 10 degrees of freedom (u9, u3, us, us,, s, us 1y,
U3 12, U322, Y1, and y») per node in a four-noded element, where ¢;
are constants and are expressed in terms of nodal displacements.
The 4 x 4 Gaussian quadrature scheme is adopted for computing
the stiffness matrices and the load vector.

Now the covariantcomponents of strain tensor ¢ (¢ = &;;'g’g) can
be written'® in terms of displacement components u(u =u;'g =
Fug,) as

_ 1 k
&ij = 5(%‘.,’ +uj;+ u.iuk.j) —oy T )
where o;; (a3 =03 =0) are thermal expansion coefficients. The
normal strain component €33 is zero. The strain energy of the plate
can be written as

1 .
U :E/Uljé‘l‘j dv (5)

where o/ are the contravariantcomponents of stress tensor o, that
is,0c =o'g,g; and dv=d'r d* d* cosyr.

The contravariantcomponents of stress tensor o/ and the covari-
ant components of the strain tensor ¢;; are related to their coun-
terparts “o,,, and ‘g, and in the rectangular Cartesian coordinate
system by

CUmn = Uij(gi . em)(gj . en) (6)
C‘gmn = 8ij (lg . em) (]g . en) (7)

Now the stress-strain law in the rectangular Cartesian coordinate
system can be written as

foi} =041 {e;} (®)

where “{o} ={oy; 0 013 0 012}" and “{e} ={e)| €2 €13 23
&12}7 are Cartesian stress and strain components and [Qij]k repre-
sents plane stress reduced stiffness matrix of the kth laminate of the
plate.

First-Ply Failure Analysis

In the present study, the following failure criteria are adopted to
identify the material (first-ply) failure.!-2
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Maximum Stress Criterion
Failure occurs if one of the following conditionsis satisfied:

X. >0 > Xrp, Y. >0, > Yr, o > R

o3> S, o3 >T 9

where o, and o, are normal stress components; o2, 013, and 023
are shear stress components; X and Y7 are the lamina strengthsin
the 1 and 2 directions, respectively;and R, S, and T are the shear
strengths of the laminate in the 12, 13, and 23 planes, respectively.

Tsai-Hill Criterion
Failure occurs if the stresses satisfy the following single condi-
tion:

a\ (e (1 1 1
x)\v) \mtrmz)>
2 2 2
(o} (o} a;
+<%> +<%> +<T> z1 (10)

Tsai-Wu Criterion
In this case, the material failure is said to have occurred if the
stresses satisfy the following condition:

Fl [o5] +F20'2+2F120'1 O'2+ F110'12+F220'22

+F44O'123+F550'223+F660'12221 (11)
where
1 1 1 1
Fi=—-—, = —
Xr  Xc Yr  Ye
F 1 1
II_XTXC, 22—YTYC
1
Fyy = R Fss = T2 Fes = R2

1 1
Fo=—/o——>7
2V XrXcYrYe

Solution Procedure

The buckling load (temperature) calculation is carried out in two
steps.5~2! First, the prebuckling equilibrium equation

(K, {8} ={F"} (12)

is solved under the specified boundary condition, and the membrane
forces are obtained. Here {F”} is the thermal load vector corre-
sponding to unit temperature rise. Note that, in the present study
of symmetrically laminated plates under uniform temperature rise,
only membrane forces are generated. The geometric stiffness ma-
trix [ K, ] associatedwith this membrane forces is evaluated ' The
critical buckling temperature (7,) at which Euler-type buckling oc-
curs is found from solving the following eigenvalue problem’=%2!:

{[K,] + Al Ky 11{8} = {0} (13)

The lowest eigenvalue A, is the critical buckling temperature.
Afterbuckling,the nonlinearequilibriumequationfor plate problem
under consideration may be expressed as'?

Here, the force vector in the right-hand side is zero because the
temperatureeffects (membrane forces) are accountedin the geomet-
ric stiffness matrix. The scalar multiplier A, associated with geomet-
ric stiffness matrix, may be considered to represent the intensity of
membrane forces due to temperature rise, that is, it represents the
temperature load. Equation (14) is solved as an eigenvalue problem
to get the temperature parameter A when small displacementincre-
ments relative to the previous equilibrium state are considered to
obtain the thermal postbuckling equilibrium path.'"!> The detailed
procedureis described here.

For a particular maximum out of plane displacement, say 0.02h
(where £ is the thickness of the plate) the buckling mode shape may

be scaled up such that the maximum displacement component is
0.024 and the nonlinear stiffness matrix [K,;] may be formed. Now
Eq. (14) is solved as an eigenvalue problem to obtain a new eigen-
value (temperature) and corresponding eigenvector (mode shape).
The new eigenvectoris scaled up again, and the maximum displace-
ment component is held as 0.024. The nonlinear stiffness matrix is
modified, and Eq. (14)is solved againto obtainanew eigenvalueand
eigenvector. This procedure is repeated until the successive eigen-
values (A, representing temperature) converge, that is, until the pre-
scribed convergence criterionis satisfied. Similarly, the value of the
maximum displacement may be increased to 0.044, 0.064, and so
on, and the correspondingtemperatures(eigenvalues) may be found.

The stresses are calculated, and different failure criteria are em-
ployed to identify the first-ply failure. After identifying the lami-
nates, which have failed in strength, the stiffness matrix is modified
accordingly and equilibrium iterations are carried out to locate the
new equilibrium position of the plate.

A computer program was developed as per the aforementioned
formulation,and it has been validated with the existing results avail-
able in the literature, the boundary conditions for which the results
have been obtained are as follows:

1) In the simply supported (SS) case (SS boundary condition),
u; =u, =uz =0 along the boundary nodes.

2) In the clamped (CL) edge case (CL boundary condition), u; =
uy=u3;=0,u3,=0at'r=0,a,and u; =u, =u; =0, u;, =0 at
2r=0,b.

Results and Discussion

The critical buckling temperatures of an isotropic CL skew plate
have been obtained with different mesh sizes to study the conver-
gence of results. They are reportedin Table 1. The results of Table 1
show that the convergence is monotonic and that the authors’ re-
sults compare well with those of Prabhu and Durvasula.'® Further-
more, the authors’ results of the 6 x 6 mesh size are also acceptable
when compared with those of higher mesh sizes and of Prabhu and
Durvasula.'® Hence, for further numerical work, a 6 x 6 mesh size
has been adopted. The present formulation also performs well for
the thick plate as seen from the results of Table 2 (Ref. 22). More-
over, the element yielded six nearly zero eigenvalues establishing
it to be free from locking and any spurious zero energy mode. The
comparison of the authors’ results for the postbuckling paths with
those of 1), Prabhu and Durvasula!® in Fig. 2 of a isotropic clamped
skew plate and 2), Singh et al.! in Fig. 3 of an SS square composite
plate establishes the validation of the computer code developed.

Thereafter, the authors have taken up eight-layered Kevlar®
49/epoxy plates for both SS and CL boundary conditions with the

Table1l Comparison of critical temperature parameter 7" for
clamped isotropic skew plate; T* = Eaa’hT . /(7*D)

Skew angle, Mesh size Prabhu and
deg 4x4 6x6 8x8 10x10 Durvasula'®
0 3.64 3.69 3.70 3.71 3.71
15 3.87 3.92 3.93 3.94 3.95
30 4.73 4.76 4.78 4.79 4.80
45 6.86 6.87 6.89 6.90 6.92

Table 2 Comparison of nondimensionalized deflections®
W in a three-layer, cross-ply [0°/90°/0°] SS square
laminates under uniform loading q¢

Reddy??
Present element

Higher-order shear First-order shear with 6 x 6

alh deformation theory deformation theory mesh size
100.0 0.6705 0.6697 0.6709
50.0 0.6838 0.6807 0.6824
20.0 0.7760 0.7573 0.7609
10.0 1.0900 1.0219 1.0322
4.0 2.9091 2.6596 2.7198

aDeflections w = (wEyh3 x 102) /gga®, E; =174.6 GPa, E; =7GPa, G|, =G 3 =
3.5 GPa, 623 =14 GPa, H12 =13 =0.25.
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Prabhu and Durvasula [16]
o Present Study
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0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 2 Postbuckling equilibrium paths of isotropic CL skew (skew
angle 45 deg) plate; temperature parameter T*=Eca*hT. /7D,

where T is the buckling temperature (a=>b) and w/h is maximum

displacement.
2.0
| Singh et al. [11]
@ Present study
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Fig. 3 Postbuckling paths of an SS four-layered angle-ply [45/— 45/
45/— 45 deg] plate (EL/ET = 40.0, GLT/ET = GLzlET = 0.5, GTz/ET = 0.2,
MLT = 025, aT/aL =10.0).

250
Clamped
200
1
150 2
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Temperature ( °c )
=
S
T

0 0-
1. [45%-45°],,

50 3 2. [45°7-45°10"/90")
I 3. 10°/90%),,
0 | L | )
0.0 0.5 1.0 1.5
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Fig. 4 Postbuckling paths of SS and CL composite skew plate (skew
angle=30 deg, a=b).

respective skew angles of 0, 30, and 45 deg. The material properties
of the adopted Kevlar 49/epoxy laminates® are as follows: E; =
76GPa, ETZSGPa, GLT:GLZ:GTZZZGPa, M12:0.34,
a;=—4.0x107%, o;=79.0x107%, X,=1379MPa, X,=
276 MPa, Y, =30MPa, Y. =138 MPa, and R=S =T = 60 MPa.
Figure 4 presents a typical plot of temperature vs maximum dis-
placement for three different symmetric layups of [45/—45 degl.;,
[45/—45/0/90 deg],, and [0/90 deg],, for a skew plate. The post-
buckling paths have been obtained by solving Eq. (14) as a series of
lineareigenvalueproblems, as explainedbefore, with maximum dis-
placement as an independentvariable. It is revealed from Fig. 4 that
for the first and second layup, [45/—45 degl,, and [45/—45/0/90
deg];, respectively, the buckling temperatures are higher and very
close to each other. Moreover, the said composites maintain higher
postbucklingresistance (temperature) from the buckling to the ini-
tiation of the secondary instability, that is, to the sudden decrease of
postbucklingresistance, as explained later. Hereafter, several addi-

200

150 ¢

Temperature ( ‘c )
=
<

1. Skew angle = 0 deg

2. Skew angle = 30 deg

wn
<
T

3. Skew angle = 45 deg
%.0 0.5 1.0 1.5
w/h

Fig. 5a Postbuckling paths of SS composite [45/— 45/0/90 deg]; skew
plate for different skew angle (a =b and a/h = 100.0).

WIy failure
//
/\/

100} 1. Skew angle = 0 deg
2. Skew angle = 30 deg
3. skew angle = 45 deg

300

4
[~
(=

Temperature ( c )

%.0 0.5 1.0 1.5
w/h

Fig. 5b Postbuckling paths of CL composite [45/— 45/0/90 deg]; skew
plate for different skew angle (a =b and a/h = 100.0).

tional problems of thermomechanical buckling and postbuckling
analyses of Kevlar 49/epoxy eight-layered [45/—45/0/90 deg],
laminated composite skew plates are taken up with SS and CL
boundary conditions.

The variationof postbucklingtemperatures(degrees Celsius) with
maximum displacement has been presented in Figs. 5a and 5b for
SS and CL composite skew plates, respectively, with different skew
angles. It may be observed from Figs. 5a and 5b that the plate maxi-
mum displacementincreases with the increasein temperature. Then,
suddenly, the postbuckling resistance drops down and then again
increases marginally with the increase in plate displacement. This
sudden decrease of postbuckling resistance corresponds to the sec-
ondary instability. Moreover, the transition from primary postbuck-
ling path to the secondary postbucklingpath, that is, the near vertical
line segments, are not statically stable. This secondary instability is
observed for all of the cases, but its location is different for different
skew angles of the plate as may be observed from Figs. 5a and 5b.
However, when the skew angle is 45 deg, the CL plate fails after
secondary instability at w/h = 1.03 due to excessive stress. This
failure correspondsto the first-ply failure as identified by maximum
stress criterion. Moreover, the buckling temperature and postbuck-
ling pathsfor both SS and CL boundary conditionsare always higher
for the higher values of the skew angles. The secondary instability
corresponds to the change in mode shape as can be seen in Figs. 6a
and 6b, where the deflected shapes (mode shapes) of square SS and
CL plates are plotted. From Figs. 6a and 6b, it is clear that the maxi-
mum out of plane displacementoccursat the center of the plate in the
postbuckling regime. However, the location of maximum displace-
ment shifts from center toward one side in the secondary instability
regime.

The thermal load-displacementrelations of the SS initially com-
pressed laminated skew plates has been shown in Figs. 7a and 7b
for skew angles of 30 and 45 deg, respectively, for different val-
ues of initial compressive load P. The initial compressive load P
is expressed as a percentage of critical uniaxial mechanical buck-
ling load. It may be observed from Figs. 7a and 7b that with the
increase of initial compressive force P, the thermal buckling load
and the postbucklingresistance decreases. Moreover, the secondary
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Fig. 6a Deflection shapes of SS square plate in postbuckling regime
(a=b and a/h =100.0).
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Fig. 6b Deflection shapes of CL square plate in postbuckling regime
(a=b and a/h = 100.0).
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2. P =25 % of buckling load
3. P =50 % of buckling load
0 ! 1
0.0 0.5 1.0 1.5
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Fig. 7a Thermal postbuckling paths of initially compressed SS eight
layered [45/— 45/0/90 deg]; skew plate for different initial compression
P (P=0, 25, and 50% of buckling load; a/h =100.0; and skew angle=
30 deg).

200

150} 1

Temperature ( ‘c)
=
S

50 1.P=20
2.P = 25% of buckling load
3.P = 50% of buckling load
0 . .
0.0 0.5 1.0 1.5

w/h

Fig.7b Thermal postbuckling paths of initially compressed SS eight-
layered [45/— 45/0/90 deg]; skew plate for different initial compression
P (P=0,25,and 50% of buckling load; a/h = 100.0; and skew angle =
45 deg).

First - ply failure
400 1. Maximum stress criterion
2. Tsai - Hill Criterion

3. Tsai - Wu Criterion

300

Temperature ( °'c )

[\
[=
(=1

100 .
0.0 0.5 1.0
wh
Fig.8 Prediction of first-ply failure in thermal postbuckling paths of
SS eight-layered [45/— 45/0/90 deg]; thick skew plate by different failure
theories (a/h =50, 60, and 70 and skew angle = 30 deg).

instability is observed at successively lower values of maximum
transverse displacement with the increase of initial compressive
force. A comparative study of Figs. 7a and 7b shows that both the
buckling temperatures and the postbuckling paths are higher for the
skew angle of 45 deg than those for the skew angle of 30 deg for
each of the three initial compressive load cases taken up here.

Figure 8 shows the postbuckling temperatures and the first-ply
failure load by different failure criteria of an SS thick skew (skew
angle 30 deg) plate for different values of thickness-to-spanratios.
From Fig. 8 it may be observed that the first-ply failure occursin the
postbucklingregime when the thickness-to-spanratio is 50.0. Max-
imum stress criterion gives the maximum failure temperature, and
Tsai-Wu criterion gives the minimum failure temperature. The dif-
ference between the two failure predictions is about 6%. However,
when the thickness-to-spanratio is 60.0, the first-ply failure occurs
in the secondary instability regime, and the maximum stress crite-
rion gives the minimum failure temperature, whereas the Tsai-Hill
criterion gives the maximum failure temperature. Note that, when
the thickness to span ratio is more than 70.0, secondary instability
is predominant, and failure does not occur within w/h = 1.0.

Conclusions

The buckling and postbuckling analysis of shear-deformable
composite skew plates subjected to combined uniaxial compres-
sion and uniform temperature rise has been carried out using the
finite element method. The analysis reveals the presence of sec-
ondary instability, which branches out from the initial postbuckled
path. The onset of secondary instability depends on the skew angle
and initial compression. This can be identified by solving Eq. (12)
as a series of linear eigenvalue problems for different amplitudes
of lateral deflections. Different failure criteria, such as Tsai-Hill
criterion and Tsai-Wu criterion in the stress space are used to pre-
dict the first-ply failure load and compared with the predictions of
maximum strength criterion.

The authors’ observations for the specific cases taken up in the
present investigation clearly show the superiority of higher skew
angles for both SS and CL boundary conditions. This conclusionis
based on both buckling as well as postbuckling paths being higher
when the skew angle is 45 deg.
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